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E-mail address: plazzarin@gest.unipd.it (P. LazzariThe paper deals with nonlinear stress and strain distributions at the root of sharp and rounded notches
with different opening angles under antiplane shear loading and small scale yielding. In order to make an
easier comparison with the Neuber rule, the material is thought of as obeying the particular nonlinear
law used in the past just by Neuber.
By solving the linear differential equation resulting from the use of the hodograph transformation, a
new relationship linking linear and nonlinear stress and strain concentrations is found. The relationship
is written also in terms of the relevant notch stress intensity factors. In contrast with the Neuber rule, this
relationship strictly depends on the notch opening angle. Even when the notch opening angle is zero, it
does not match the Neuber Rule, but results in an additional factor 2 which is in agreement with Hult and
McClintock’s solution when the notch tip radius tends to zero and the notch becomes a crack.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Fatigue strength assessments of notched components often
need nonlinear stresses and strains at the notch root or in the close
neighbourhood of it. Point-related elastic–plastic stresses and
strains are often estimated in the practice by using the Neuber Rule
(NR), avoiding time-consuming numerical analyses. Neuber ana-
lysed a strip with two symmetric notches under longitudinal shear
and found that the geometrical mean value of the effective stress
and strain concentration factors is equal to the elastic theoretical
stress concentration factor, Ks  Kc ¼ K2t . The rule was considered
independent of the stress–strain law by Neuber. The Neuber rule
is very popular, so popular to be sometimes used out of its speciﬁc
ambit, which should be conﬁned to small scale yielding conditions
(Rice, 1967a; Ellyin, 1997, p. 390) and to sharp notches, namely to
notches with a small notch root radius (Neuber, 1961). The basic
idea governing the NR is the existence of an analytical link between
real stress and nominal stress, represented by a special function
called by Neuber ‘‘leading function” (Neuber, 1961). The relevant
analytical developments are so synthetic to be, in the author’ opin-
ion, not clearly comprehensible.
Without entering in the speciﬁc ambit of its analytical validity,
the rule was later extended to loading conditions different from
the antiplane shear stress (as suggested, but never formalized, by
Neuber himself) as well as to uniaxial and multiaxial fatigue prob-
lems (Topper et al., 1969; Hoffmann and Seeger, 1985).ll rights reserved.
n).By proceeding on similar tracks, during the last two decades
and more, a considerable effort has been devoted to the evaluation
of the predictive capability of the NR for different notches and
materials, both under static and cyclic loading conditions (see,
among others, Shin, 1994; Knop et al., 2000; Visvanatha et al.,
2000; Jiang and Xu, 2001; Ye et al., 2004). In these papers the NR
is often compared with the equivalent strain energy density crite-
rion (Molski and Glinka, 1981; Glinka, 1985a,b; Glinka et al., 1988;
Ellyin and Kujawski, 1989) at the notch root under tension or
bending loads. It has been found that in the case of elastic range
both the NR and the ESED criterion get the same estimation of
the local strains (Glinka, 1985a), whereas in the case of elastic–
plastic behaviour of the material, the notch root strains are nor-
mally overestimated by the Neuber rule and underestimated by
the ESED criterion (Shin, 1994; Guo et al., 1998). The NR is found
to work better under plane stress conditions than under plane
strain conditions (Shin, 1994; Guo et al., 1998); in the latter case
the ESED criterion is acknowledged to be superior. On the basis
of these results Moftakhar et al. (1995) suggested that the NR
and the ESED criterion could be thought of as the upper and the
lower bound limits of the actual elastic plastic notch tip behaviour.
More recently, Ye et al. (2004, 2008) proved that the two above-
mentioned methods are equivalent only when the energy dissi-
pated at the notch root during the plastic deformation process is
neglected, and developed a modiﬁed version of the ESED criterion
to be applied to cyclic loadings, where only the heat energy is con-
sidered as a dissipation and the stored energy is regarded as a con-
tribution to local stress and strain ranges.
Dealing with pointed, zero radius, V-notches and plane strain
conditions, the point-related ESED criterion was also revisited by
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Fig. 1. Coordinates at a V-notch under antiplane shear load T; physical plane (a) and
strain plane (b).
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strains over ﬁnite size circular sector surrounding the notch tip
(Lazzarin and Zambardi, 2002). In particular, they adopted the
hypothesis that, under plane strain conditions, the value of the en-
ergy concentration due to the notch is constant and independent of
the linear and the power hardening laws. When small scale yield-
ing conditions are present, such a hypothesis immediately results
in the constancy of the strain energy averaged on the process vol-
ume so that plastic notch stress intensity factors of pointed V-
notches can be estimated directly from the linear elastic stress dis-
tributions. Problems arise for pointed V-shaped notches subjected
to torsion, due to an immediate ampliﬁcation of the strain energy
density with respect to the elastic one also for small value of the
applied load (Zappalorto and Lazzarin, 2007; Lazzarin and Berto,
2008).
However, as far as the authors are aware, up to now there is no
analytical work in the literature discussing speciﬁcally the analyt-
ical bases and the formal correctness of the NR, nor the inﬂuence of
the notch opening angle, which does not appear explicitly, but only
implicitly, via the theoretical stress concentration factor.
Some doubts on the validity of the Neuber rule have been re-
cently arisen by the present authors dealing with parabolic notches
under out of plane shear (Zappalorto and Lazzarin, 2007). Assum-
ing for the material an isotropic hardening, they did not ﬁnd
Ks  Kc ¼ K2t but rather Ks  Kc ¼ 2nnþ1K2t , n being the hardening
exponent.
This paper focuses on this speciﬁc problem: to discuss the valid-
ity of the Neuber rule by an analytical point of view considering a
rounded notch in a nonlinear material under antiplane shear load-
ing and to propose an alternative formulation. In order to avoid
misunderstandings, due to the choice of the nonlinear law for the
material behaviour, and the independence or not of the ﬁnal re-
sults from it, the problem of stresses and strains at the notch tip
will be solved here by using the same nonlinear law adopted by
Neuber (1958, 1961).
In more details, the outline of the present paper can be summa-
rised as follows:
- to recall the basic equations governing the problem;
- to brieﬂy discuss Neuber’s conformal mapping used to describe
the notch proﬁle;
- to apply the boundary conditions and discuss the ﬁnal
solution.
Further, by comparing the limits of the new solution for strains
which assume high values in the nonlinear zone around the notch
tip and for the strains which tend to very low values in the linear
zone far away from the notch tip, a new relationship correlating
linear and nonlinear stress and strain concentrations will be
obtained, different from that proposed by Neuber, and dependent
on the value of the V-notch opening angle. Finally, the limits of
applicability of the new rule will be discussed.2. Basic equations
In order to solve the nonlinear problem of an out-of-plane
loaded notched body (see Fig. 1), it is convenient to regard the
‘‘physical” coordinates as functions of the strains (Rice, 1967b):
x ¼ @w
@czx
; y ¼ @w
@czy
: ð1Þ
The function w can be thought of as a nonlinear potential, which
plays the same role of the Airy stress function in linear elastic anal-
yses. The equilibrium and compatibility equations can be rewritten
in the form (Rice, 1967b)@x
@szx
þ @y
@szy
¼ 0; ð2Þ
@x
@czy
 @y
@czx
¼ 0; ð3Þ
provided that the Jacobian operator of the transformation is
nonzero.
The solution will then be sought such to satisfy in combination
Eqs. (2), (3) and the material law, which can be written in general
as
s ¼ sðcÞ; szj ¼ czj
sðcÞ
c
: ð4Þ
It should be noted that when the shear stress component szj van-
ishes on a portion of the mode III-loaded body, so does also czj. It
is convenient to introduce a polar reference system in the shear
strain plane (Rice, 1967b; see Fig. 1b):
czx ¼ c sin u; czy ¼ c cos u ð5a-bÞ
where c is the modulus of the strain vector
c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2zx þ c2zy
q
ð6Þ
and u is the angle deﬁned according to the expression
u ¼ arctan  czx
czy
 !
: ð7Þ
It is easy to verify by substitution, with the aid also of the Schwarz
conditions, that Eq. (1) inherently satisﬁes Eq. (3).
Eq. (1) can thus be rewritten in the following form:
x ¼  @w
@c
sin u @w
@ u
cos u
c
;
y ¼ @w
@c
cos u @w
@ u
sin u
c
: ð8a-bÞ
By inserting Eqs. (8) into Eq. (2) and using also Eq. (4), we obtain the
following equation (Rice, 1967b):
sðcÞ
cs0ðcÞ
@2w
@c2
þ 1
c
@w
@c
þ 1
c2
@2w
@ u2
¼ 0; ð9Þ
where s0(c) = @s(c)/@c. Eq. (9) allows the solution of the problem as
soon as appropriate boundary conditions are imposed on w.3. Description of the notch proﬁle
Consider now the following transformation (Neuber, 1958):
z ¼ wq; ð10Þ
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and the transformed planes, respectively (see Fig. 2), whereas q is a
real number related to the notch opening angle 2a by means of the
expression
q ¼ 2p 2a
p
: ð11Þ
By using Euler’s formula, eiu=cosu + isinu, Eq. (10) can be rewritten
in terms of the u and v components:
u ¼ r1=q cosu
q
; v ¼ r1=q sinu
q
: ð12Þ
Eq. (12) shows that the angle between the vector r and the vector nu
normal to the curve u = cos t is equal to  uq (see Fig. 2b).
The curvilinear coordinate system allows us to describe hyper-
bolic notches (1 < q < 2) or parabolic notches (q = 2), see Fig. 2a. The
generic curve characterised by the coordinate u0 intersects the x-
axis at the radial distance r0 = (u0)q. Such an abscissa depends on
the curvature radius, so that
r0 ¼ q 1q q: ð13Þ
The limit values to underline are q = 1, which represents a semi-inﬁ-
nite plane, and u = 0, which represents a V-notch with q = 0.
4. Boundary conditions and suitable forms for w
Suitable boundary conditions for w can be obtained by impos-
ing the symmetry condition on the notch bisector line and the
shear-strain-free condition on the notch ﬂanks. In particular, the
symmetry condition on the notch bisector line, czxjy=0 = 0, results
in u ¼ 0 when y = 0, see Eq. (5a). Thus, substituting u ¼ 0 into
Eq. (8b) and equating to zero, one obtains the condition
@w
@c
ðc; u ¼ 0Þ ¼ 0: ð14Þ
We can now choose a form for w such as Eq. (14) is inherently sat-
isﬁed. A suitable form is
w ¼ f1ðcÞ sinðx1 uÞ: ð15Þ
This choice exactly matches that made by Rice (1967b) dealing with
pointed (zero root radius) V-notches. It is also worth noting that Eq.
(15) is not the complete solution but represents only the leading or-
der term (see again Rice, 1967b). This fact will make the solution
valid only in small scale yielding.
We can further use the shear-strain-free condition on the notch
ﬂanks, czuju¼u0 ¼ 0, wherey
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Fig. 2. Auxiliary system of curvilinear coordinates (u,v) (a); reference system in the
physical plane (b).czu ¼ czr cos
u
q
þ czu sin
u
q
¼ c sin uu
q
 u
 
: ð16Þ
Then, on the notch edge, we have
u ¼ uu
q
; y ¼ x tanu: ð17Þ
This second condition can be imposed at every point of the notch
proﬁle, being it a continuous domain. In particular, it can be also
imposed at a certain distance from the notch tip, where
u? p  a (see for linear elastic cases Lazzarin and Tovo, 1996; Zap-
palorto et al., 2008). Since q = (2p  2a)/p, Eq. (17) simpliﬁes and
gives
u ¼ p=2 a; y ¼ x tana: ð18a-bÞ
By further substituting Eq. (8) into Eq. (18b), and also accounting for
Eq. (18a), one obtains
@w
@ u
ðc; u ¼ p=2 aÞ ¼ x1f1ðcÞ cosðx1ðp=2 aÞÞ ¼ 0
! x1 ¼ p=ðp 2aÞ: ð19a-bÞ
Eqs. (14) and (19) are the boundary conditions.
It is also worth noting that Eq. (9) further implicates the follow-
ing condition:
sðcÞ
cs0ðcÞ
@2f1
@c2
þ 1
c
@f1
@c
x
2
1
c2
f1 ¼ 0: ð20Þ
Note that the nonlinear potential w is written using the tech-
nique of separation of variables in the strain plane; f1(c) gives
the dependence from the radial coordinate c, while the term
sinðx1 uÞ gives the angular dependence. It should also be noted
that, in a close way to that adopted by Williams (1952) dealing
with linear elastic stress distributions for re-entrant corners, the
angular function is chosen such as to satisfy boundary conditions,
while the radial function is chosen such as to satisfy the basic
equation of equilibrium and compatibility, formalised in a uniﬁed
way by Eq. (20).
By further substituting Eq. (15) into Eqs. (8) one obtains
x ¼  @f1
@c
sin u sinðx1 uÞ x1f1c cos u cosðx1 uÞ;
y ¼ @f1
@c
cos u sinðx1 uÞ x1f1c sin u cosðx1 uÞ:
ð21a;bÞ5. Closed form solution
5.1. General solution
The solution will be obtained here by using the same stress–
strain law used by Neuber (1958, 1961):
Gc ¼ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ss0
 2r ; s ¼ s0cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc20 þ c2q ; s0 ¼ Gc0: ð22a-b-cÞ
This law is represented in Fig. 3 and is characterised by the follow-
ing properties:
- As c?1, s tends to the constant value s0.
- As c? 0, the material behaves in a linear elastic manner, since
s = Gc.
Substitution of Eq. (22b) into Eq. (20) leads to
c20 þ c2
c20
 @
2f1
@c2
þ 1
c
@f1
@c
x
2
1
c2
f1 ¼ 0 ð23Þ
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Fig. 3. Stress–strain curve according to Eq. (22).
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sumes the form
f1 ¼ C1 c0c
 x1
F1 þ C2 c0c
 x1
F2: ð24Þ
Here, C1,C2 are two constants to be determined, whereas F1,F2 are
two particular functions, which depend onx1 and (c/c0)2, according
to Eq. (25):
F1 ¼ F x1 þ 12 ;
x1
2
;1x1; cc0
 2" #
;
F2 ¼ F þx1  12 ;þ
x1
2
;1þx1; cc0
 2" #
:
ð25Þ
Here, F is a hypergeometric series of the kind (Abramowitz and Ste-
gun, 1972; Forsyth, 1996):
F½a; b; c; t ¼ 1þ ab
c
t þ aðaþ 1Þbðbþ 1Þ
2cðc þ 1Þ t
2 þ   
þ aðaþ 1Þ    ðaþ n 1Þbðbþ 1Þ    ðbþ n 1Þ
n!cðc þ 1Þ    ðc þ n 1Þ t
n
þ   
ð26Þ
The hypergeometric series are well-acknowledged mathematical
tools that ﬁnd a number of applications also in stress distribution
analyses (see, for example, the recent contributions on stress ﬁelds
for rotating disks under thermal loads due to Vivio and Vullo (2007,
2008), who used the hypergeometric series to solve Papperitz’
equation).
Substitution of Eq. (24) into Eq. (21a) results in
xju¼0 ¼ 
x1f1
c
¼ x1 C1cx10 cx11F1 þ C2cx10 cx11F2
 
: ð27Þ
Consider initially a pointed V-notch (q = 0). In general, singularity of
strains requires
lim
c!1
xju¼0 ¼ limc!1
x1f1
c
¼ lim
c!1
x1 C1cx10 cx11F1 þ C2cx10 cx11F2
  ¼ 0; ð28Þ
which gives C2 ¼ 4x1 x1þ1x11C1. Then
xju¼0 ¼ 
x1C1
c
c0
c
 x1
F1  4x1 x1 þ 1x1  1
c0
c
 2x1
F2
( )
: ð29ÞDo note that the casex1=1 (2a = 0) can be treated with Eq. (29) only
as a limit condition. This restriction is present also in the solution by
Neuber, Eq. (A.8) in Appendix A, and it is due to the fact that the
solution of the differential equation involves logarithmic functions
(see again Appendix A).
Consider now a rounded notch. Although from a physical point
of view strains are always ﬁnite and reach a maximum value at the
notch tip, thanks to Neuber’s conformal mapping, Eq. (10), it is al-
ways possible to individuate the virtual point x = 0 (the origin of
the coordinate system) where strains virtually tend to inﬁnity from
a mathematical point of view without any distinction between a
rounded notch and a sharp notch.
5.2. Limit solutions
Consider now a sharp enough notch. By moving along the notch
bisector line, keeping constant the far ﬁeld applied load, we move
from a point at the notch tip where strains are very high and tend
to inﬁnity to a point, at a certain distance from the notch tip, where
strains are very low and tend to zero.
The far ﬁeld behaviour, where c? 0, can be easily obtained be-
cause F1 and F2 tend to 1, see Eq. (26). Then, from Eq. (29) one
obtains
lim
c!0
xju¼0 ¼ x1C1cx10 cx11; ð30Þ
which results in
c ¼ x1C1cx10
  1
x1þ1x 1
x1 þ 1 : ð31Þ
Introducing the linear elastic eigenvalue k3, we can express x1 as a
function of k3 (Zappalorto et al., 2008), x1 = k3/(1  k3). Then, along
the notch bisector line it results:
c ¼ ðx1C1cx10 Þ
1
x1þ1xk31; s ¼ G  ðx1C1cx10 Þ
1
x1þ1xk31: ð32Þ
Note that the dependence of c and s from the distance x is the same
obtained for the pure linear elastic solution (Zappalorto et al., 2008).
Conversely, the near tip behaviour can be obtained for the great-
est values of c, the condition c?1 being valid only for ideally
pointed notches. In the presence of a small notch tip radius we have
lim
c!1
xju¼0 ¼ 21x1x1ð1þx1Þ
C1
c
¼ x1bC1c ð33Þ
being b ¼ 21x1 ð1þx1Þ. Finally, at the notch tip, when strains are
large enough, the ﬁnal results along the notch bisector are
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The trend of b as a function of the notch opening angle is plotted in
Fig. 4. It is interesting to note that b shows a slightly variation in the
range 0–60, while more pronounced variations are present in the
range 60–135. Finally, for 2a > 135, b rapidly decreases and be-
comes zero for 2a=180.
Note that, when dealing with the limit conditions of the solu-
tion, the above-mentioned anomaly for the case 2a=0 disappears,
and Eqs. (32) and (34) are valid for any notch opening angle. In-
deed, when 2a=0, Eq. (34) gives c ¼ ð2C1=xÞ, which coincides
with the result obtained in Appendix A considering the complete
logarithmic functions.
We can now deﬁne stress and strain notch intensity factors,
extending to nonlinear elasticity what was already made under lin-
ear elastic conditions (see Zappalorto et al., 2008 and references re-
ported therein)
K3q;i ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
limr!r0x
ss;isðx;u ¼ 0Þ;
Kc3q;i ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
limr!r0x
sc;icðx;u ¼ 0Þ;
ð35a-;bÞ
where ss,i and sc,i are the stress and strain singularities, respectively,
whereas subscript ‘‘i” stands for ‘‘e”, for elastic NSIFs, and ‘‘p” for
plastic NSIFs.
By substituting Eqs. (32), (34) into Eqs. (35a,b) one obtains the
relationships:
K3q;p ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
s0; Kc3q;p ¼ 
ﬃﬃﬃﬃﬃﬃ
2p
p
x1bC1;
K3q;e ¼ G
ﬃﬃﬃﬃﬃﬃ
2p
p
x1C1cx10
 1k3 Kc3q;e ¼ ﬃﬃﬃﬃﬃﬃ2pp x1C1cx10 1k3 ;
ð36a-dÞ
Then, the plastic notch strain intensity factor can be written as a
function of the elastic notch stress intensity factor:
Kc3q;p ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
c0b
K3q;eﬃﬃﬃﬃﬃﬃ
2p
p
s0
 x1þ1
ð37Þ
which includes the dependence on the notch opening angle through
x1 and b. Further,
K3q;p  Kc3q;p ¼ 2pc0s0b
K3q;eﬃﬃﬃﬃﬃﬃ
2p
p
s0
 x1þ1
ð38Þ
Eq. (38) proves that the product of stress and strain intensities
depends on the notch opening angle.0 
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Fig. 4. Plot of b as a function oWhen the notch root radius is different from zero, it is natural to
give the solution also in terms of the maximum values of stress and
strain.
By introducing the notch strain intensity factor into Eq. (34) one
obtains
c ¼ K
c
3q;pﬃﬃﬃﬃﬃﬃ
2p
p 1
x
: ð39Þ
Then, at the notch tip, strain and stress values become
cmax;p ¼
Kc3q;pﬃﬃﬃﬃﬃﬃ
2p
p  1
r0
; smax;p ¼ s0: ð40Þ
Consequently,
Kc3q;p ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
cmax;pr0; K3q;p ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
smax;p: ð41Þ
Finally, substituting Eq. (41) into Eq. (38), with the additional con-
dition K3q;e ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
smax;er1k30 (Zappalorto et al., 2008) the result is
cmax;p  smax;p ¼ c0s0b
smax;e
s0
 x1þ1
: ð42Þ
Once again, the product of stress and strain concentrations depends
on the notch opening angle, in contrast with the Neuber rule (Neu-
ber, 1961).
It should be noted that when 2a = 0 (x1 = 1, and b = 2, see Eq.
(19) and Fig. 4, respectively), Eq. (42) gives
cmax;p  smax;p ¼
2s2max;e
G
; ð43Þ
Kc  Ks ¼ 2K2t ; ð44Þ
which is different from the Neuber rule.
The factor 2 present in Eq. (44) is the same factor determined by
Hult and McClintock (1956) for a crack in an elastic perfectly-plas-
tic material. Indeed, by using Hult and McClintock solution, the fol-
lowing expression is valid in the nonlinear zone along the notch
bisector line:
czy;p  szy;p ¼
ðK III;eÞ2
pGs0
1
x
 so ¼ 2 K III;eﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p
G
 K III;eﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p ¼ 2czy;e  szy;e:
ð45Þ
The factor 2 present on the right-hand side of Eq. (45) is usually
thought of as due to the stress redistribution in the plastic zone
with respect to the linear elastic solution (Sanford, 2003). This
explanation is not valid in our case, since the assumed stress–strain100 120 140 160 180 
s] 
2απ
2α2π2β 2απ
2α
−
−×= −
−
f the notch opening angle.
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tween the linear and the nonlinear behaviour. Then the ampliﬁca-
tion factor should be thought of as due to a further increment in
the stress and strain intensity caused by the presence of a nonlinear
zone ahead of the notch. This concept is presented in very synthetic
terms also by Hult and McClintock (1956, p. 53).
The ﬁnal result provided by Eq. (43), will be further commented
in Appendix A, where stress and strain distributions ahead of the
notch tip determined in the present work will be found in perfect
agreement with those obtained by Neuber. Nevertheless, the con-
clusions are substantially different.
6. Some limitations to the solution
The new solution is, by its nature, affected by two limits, which
directly derive from the analytical frame:
1. The far-ﬁeld applied load has to be low enough to assure that
the linear elastic stress and strain distributions at a certain dis-
tance from the notch tip continue to be governed by the ﬁrst
order term, which has to be dominant with respects to the
higher order terms. Otherwise, all the conclusions drawn here
are not true, because both the linear and the nonlinear part of
the solution are affected by the higher order terms. As a conse-
quence, a direct comparison between the two distributions as a
function of a single stress or strain parameter is not possible. In
other words, the solution is valid only under small scale yield-
ing conditions;
2. Being the solution based on the leading order term, it is valid for
small values of r. Note that in a rounded notch the radial dis-
tance r never equates zero, the smallest value being r0, and then
also q must be small enough. It is worth noting that the notch
root radius inﬂuences also the condition of small scale yielding,
this condition being very difﬁcult to obtain for large q. This is
simply because also r is large in this last case.
Unfortunately, it is not possible to draw a precise limit for the
far-ﬁeld applied load and for the notch root radius such as to guar-
antee this condition. It is essential to note that the same limit is
present also in Neuber’s solution, which has been probably misun-
derstood in the subsequent literature, since it has often been ap-
plied independently of the value of the notch root radius. Indeed
Neuber in his original work explicitely suggested to consider ‘‘the
neighbourhood of a sharp notch. . .” (Neuber, 1961, p. 546).R
2RA ⋅π=
Fig. 5. Geometrical parameters of circular sections for averaged SED.7. Some remarks about the use of notch stress intensity factor
and mean strain energy density
7.1. Notch stress intensity factors
In some recent papers, the authors have applied the linear elas-
tic notch stress intensity factors in the presence of rounded
notches (Filippi et al., 2002; Lazzarin and Filippi, 2006; Zappalorto
et al., 2008). Indeed, differently from the theoretical stress concen-
tration factor Kt, which is deﬁned only for rounded notches, the
NSIFs can be applied both to pointed and rounded notches, which
can be treated in a uniﬁed way in terms of NSIFs. The size effect is
fully included in the NSIFs, whereas it is not included in the Kt
factor.
This original concept keeps on being valid also when dealing
with nonlinear analyses. Indeed, while Eq. (42) involves maximum
nonlinear strains and stresses and then is valid only when the
notch root radius is different from zero, Eqs. (37) and (38) can be
applied both to notches with a root radius equal to zero or different
from zero. Once again, the analytical link between the linear andthe nonlinear NSIFs is valid only under small scale yielding. How-
ever, when this condition is not veriﬁed, there is no restriction to
use the nonlinear NSIFs as directly determined from nonlinear
elastic analyses.
7.2. Strain energy density averaged over a control volume
The strain energy density (SED) can be calculated by Eq. (22),
which gives
W ¼
Z c
0
sdc ¼
Z c
0
s0cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q dc ¼ s0c0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
2
c20
s
 1
 !
: ð46Þ
Consider now the crack case. The total energy E over a circular sec-
tor of radius R (see Fig. 5) embracing the tip, as deﬁned by Lazzarin
and Zambardi (2001) and Yosibash et al. (2004), can be determined
by using in combination Eq. (46) and Eq. (A.15):
E ¼
Z
A
W dA ¼ 2
Z R
0
Z p=2
0
s0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ
ðKc3;pÞ2
2p
 cos
2u
r2
s
 c0
0
@
1
Ar drdu:
ð47Þ
Note that the second upper limit, p/2, is due to the maximum value
for the angle u as demonstrated in Appendix A.
Solution of Eq. (47) is very tricky. However, if one focuses the
attention only on a small circular sector surrounding the notch
tip, the condition c c0 is surely satisﬁed. Thenﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
 c20 ﬃ c, and the strain energy density averaged on the
control volume turns out to be
Wp ¼ E
pR2
¼ 2s0
pR
Kc3;pﬃﬃﬃﬃﬃﬃ
2p
p : ð48Þ
Use now for Kc3;p the expression given by Eq. (37):
Wp ¼ 2GR
K23;e
p2
¼ 4
p
We: ð49Þ
Note that, for a material with a power hardening behaviour (c/
c0 = (s/s0)n for s > s0 and c/c0 = s/s0 for s < s0) the present authors
obtained the following relationships:
Wp
We
¼ 4n
2
pðnþ 1Þ2
I3p; ð50Þ
I3p ¼
Z p
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin2 u
n2
þ cos2 u
s
du: ð51Þ
When n?1, the parameter I3p? 1, so that the ratio Wp=We tends
to the asymptote 4/p. Fig. 6 shows that this ratio rapidly increases
up to n = 6.6, where it reaches its maximum, and then it slowly de-
creases down to 4/p for n?1). It is important to note that for
n = 6.6 the penalty introduced by yielding is maximum. Note also
that this value matches the hardening exponent of Seeger’s uniform
material law where 1/n = 0.15 (Seeger, 1996; Bäumel and Seeger,
1 
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Fig. 6. Plotting of I3p and of the ratio Wp=We a
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mon values of n for the engineering materials (4 < n < 10), in this
range the variation in percent of the Wp=We ratio is very low (from
0% to 1.6%), thus supporting, by an analytical point of view, See-
ger’s proposal of a uniform material law.
8. Conclusions
An analytical study has been carried out on the nonlinear shear
stress and strain distributions at the root of pointed and rounded
notches with different notch opening angles. Antiplane shear load-
ing has been considered, combined with small scale yielding
conditions.
The material has been thought of as obeying the nonlinear law
used in the past by Neuber.
By solving the linear differential equation resulting from the
employment of the hodograph transformation, a solution based
on the ﬁrst order term of stress and strain has been determined.
On the basis of the analytical frame, the following conclusions
can be drawn:
- the ﬁnal relationship linking linear and nonlinear stress and
strain concentrations at the notch tip strictly depends on the
notch opening angle, in contrast with the Neuber Rule;
- in the case of a notch opening angle equal to zero (‘blunt crack’
or U-shaped notch), the new relation gives Kc  Ks ¼ 2K2t , again
in contrast with Neuber who suggested Kc  Ks ¼ K2t ;
- the factor 2 is found to be in agreement with Hult and McClin-
tock’s solution (1956), dealing with a crack in an elastic per-
fectly-plastic body under mode III loading. This factor cannot
be thought of as due to the stress redistribution in the plastic
zone because the stress–strain law used here is a continuous
function providing a smooth transition between the nonlinear
and the linear zone. Instead, it has to be thought of as due to
a further increment in the stress and strain intensity caused
by the presence of a nonlinear zone ahead of the notch. It is also
natural to think that a different coefﬁcient characterises plane
strain or plane stress conditions, the constitutive equations of
the two plane problems being different;
- the new solution, being based only on the leading order term of
stress and strain distributions, is limited to small scale yielding
conditions. As a matter of fact, this limits not only the remotely
applied load but also the value of the notch root radius. To draw
a precise demarcation line combining together the effects of the
applied load and the notch root radius was not possible.Appendix A. A comparison with Neuber for the case 2a=0When 2a = 0, Eq. (19b) results in x1 = 1, so that Eq. (21) can be
rewritten in the form
c20 þ c2
c20
 @
2f1
@c2
þ 1
c
@f1
@c
 1
c2
f1 ¼ 0: ðA:1Þ
The ﬁnal solution, accounting for the condition of singularity,
limc!1xju¼0 ¼ limc!1  ðf1=cÞ ¼ 0 is
xju¼0 ¼ 
C1
c  c0
 cLn c
c0 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
0
B@
1
CA c0c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q8><
>:
9>=
>;; ðA:2Þ
where C1 is a constant. For c?1 Eq. (A.2) gives an asymptotic
behaviour for the distance x:
xju¼0 ¼ 2
C1
c
ðA:3Þ
or, equivalently
cju¼0 ¼
2C1
x
; s ¼ s0: ðA:4Þ
On the contrary, as c? 0, Eq. (A.2) becomes
xju¼0 ¼
C1c0
c2
ðA:5Þ
and then
cju¼0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C1c0
x
r
; s ¼ G
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C1c0
x
r
: ðA:6Þ
It is also worth noting that if Neuber’s hypothesis would be true, it
should give cpzy  spzy ¼ cezy  sezy; since smax,p = s0, in the nonlinear zone
the following identity should be veriﬁed:
cju¼0 ¼
C1
x
: ðA:7Þ
Neuber, by using an approach completely different from that pro-
posed here, reported the following expressions for x in terms of
stresses s and not in terms of strains c (Neuber, 1961):
xju¼0 ¼
A
2nþ 1 h
2nþ1
2n  k
h
 2nþ1
2n
" #
þ Ak
1 2n h
12n
2n  k
h
 12n
2n
" #
; ðA:8Þ
where
s a function of the hardening exponent n.
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2s0
 2
; h ¼ 1
2s
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
s0
 2s24
3
5; 2n ¼ p 2a
p
: ðA:9Þ
Eqs. (A.2) and (A.8) are compared in Figs. A.1 and A.2. It is evident
that they perfectly agree. Both solutions agree also with the limit
conditions in the non-linear and in the linear zone (Eqs. (A.4) and
(A.6)); this is true only if the coefﬁcient of ampliﬁcation b (here
being equal to 2) is accounted for, differently from the coefﬁcient
1 obtained by using Neuber’s rule (blue dashed line in Fig. A.1). This
means that the ﬁnal conclusion drawn by Neuber does not agree
with his own complete solution.
The main problem in Neuber’s approach stands probably in the
fact that he obtained the ﬁnal rule as a function of stresses; since
however for this kind of material in the nonlinear zone stresses
are not singular but tend toward a constant value, the effect of a
further increment in their intensity is inevitably hidden.
One should also note that some years later Neuber, reconsider-
ing the problem of a nonlinear (zero degrees) notch with a power
hardening behaviour, wrote that ‘‘the product of stress and strain
follows 1=r . . . on the basis of which Neuber derived the approxi-
mate rule that the product of stress and strain concentration fac-
tors is independent of the stress–strain law . . . at some distance
from the notch” and not at the notch tip (Neuber, 1968, p. 294).0.00001
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For this speciﬁc problem, we have
f1 ¼ C1c  c0
 c2 Ln c
c0 þ
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Then, it is easy to verify that
@f1
@c
¼ C1
c0
c0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
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 Ln
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The following limit values being valid:
limc!1f1 ¼ 2C1
limc!1c
@f1
@c
¼ 0; ðA:13Þ
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r
cos u; s ¼ s0: ðA:14Þ
Finally, giving C1 as a function of the plastic notch strain intensity
factor one obtains
c ¼ K
c
3q;pﬃﬃﬃﬃﬃﬃ
2p
p cos u
r
: ðA:15Þ
By using in combination Eqs. (21) and (A.13) one also obtains the
analytical link between the angles in the physical and in the strain
plane, u and u:
tanu ¼ y
x
¼ cos u sin u
cos2 u
¼ tan u; u ¼ u:
This last result seems to be a contradiction because, in general,
ðp=2Þ 6 u 6 ðp=2Þ while p 6 u 6 p. The contradiction is only
apparent because the strains are signiﬁcant only in the range
ðp=2Þ 6 u 6 ðp=2Þ. In this range, we have u ¼ u. The same behav-
iour was already noted by Champion and Atkinson (1993), with ref-
erence to the crack case.
Appendix B. A further discussion on the boundary conditions
for w
The method of the hodograph transformation used here is a
very powerful tool whose success depends on the ability to convert
the boundary conditions, for the problem of interest, from the
physical plane to the strain plane (Rice, 1967b).
In Section 3, we have discoursed of the boundary conditions for
the speciﬁc problem we are dealing with, a rounded notch with an
arbitrary notch opening angle. While Eq. (14) directly derives from
the symmetry condition on the notch bisector and then its validity
is evident, some doubts may arise to the reader about the validity
of Eqs. (19a,b), which have been obtained by considering the notch
properties at a certain distance from the tip. A devil’s advocate may
indeed argue that it is a contradiction to impose such a boundary
condition far from the tip simply because we gave a leading order
term-based solution, which is, in principle, valid only near it.
No doubt in authors’ mind about the validity of such a condi-
tion, being it successfully used also for the elastic case (Lazzarin
and Tovo, 1996; Zappalorto et al., 2008), we wish here to give a fur-
ther proof in favour of it.
Consider then the complete solution for w that can be written,
following Rice (1967b), through separation of variables in the fol-
lowing form:
w ¼
X1
k¼1
fkðcÞ sinðxk uÞ; k ¼ 1;2 . . . ðB:1Þ
with
xk ¼ ð2k 1Þx1: ðB:2Þ
Since the complete solution is though of as valid everywhere, we
can surely consider a location far from the tip, on the notch edge,
where u? p  a, and then u! p=2 a.
Then, by using the shear-strain-free condition on the notch
ﬂanks far from the notch tip, one obtains the condition
@w
@ u
ðc; u ¼ p=2 aÞ ¼ 0: ðB:3Þ
Substitution of Eq. (B.1) into Eq. (B.3) results in the following
equation:
x1f1ðcÞ cos x1 p2  a
 h i
þx2f2ðcÞ cos x2 p2  a
 h i
þ   
þx1f1ðcÞ cos x1 p2  a
 h i
¼ 0: ðB:4ÞTo be valid independently of the value of c, as it must be, Eq. (B.4)
requires for every value of k that cos[xk (p/2  a)] = 0 so that
xk
p
2
 a
 
¼ ð2k 1Þp
2
: ðB:5Þ
Finally, by using Eq. (B.2) one obtains x1 = p/(p  2a), as stated in
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